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Optimal Flight-Path-Angle Transitions in
Minimum-Time Airplane Climbs

John V. Breakwell*
Stanford University, Stanford, Calif.

If dependence of drag D on lift L is suppressed by calculating the induced drag corresponding to L = weight
W, the minimum-time climb path, obtained either by the energy state analysis or by Green’s Theorem, leads, as
is well known, to discontinuities in the flight-path angle v. This requires, of course, an unreasonable increase in
lift, positive or negative! If the reciprocal of maximum L/D is treated as a small parameter ¢, dependent on
Mach number, a more complete analysis reveals that the discontinuities in y are replaced by transitional
“‘boundary layers’’ on time scales of order ¢ *, during which L/D is of order ¢ ~** rather thane ~7.

I. Introduction

F 1) the gravity field is treated as uniform, 2) decrease in

airplane mass is neglected, and 3) the dependence of drag
D on lift L is suppressed by either neglecting the induced drag
or calculating it as if lift exactly balances weight, then the
flight-path-angle v (or its sine) may be regarded as the con-
trol; in addition (see Ref. 1), the optimal paths in the h— V
plane are made up of singular arcs (Isinyl<1) and of
tributrary arcs (y = £+ #/2), as illustrated in Figs. 1.

The singular arc, or arcs, can also be obtained (see Ref. 2)
by regarding V as a control and maximizing the time rate of
increase of the single (energy) state E= V?/2+ gh, which rate
is seen easily to be independent of v.

The discontinuity in y at a junction of a tributary with a
singular arc (and of arrival and departure from the state-
constrained arc #=0) is due to neglect of physical limits on lift
magnitude, since this approximate theory fails to account for
a sharp rise in induced drag when maximum lift is employed.

Ardema? has carried out a ‘‘boundary-layer’’ analysis,
which starts by examining the optimal pattern of changes in 4
and vy while the energy state E remains constant. His
numerical results have been encouraging, in spite of the fact
that the boundary-layer time scale is not small in comparison
with that associated with energy change.

This paper will attempt a different boundary-layer analysis
in which y will be assumed to vary more rapidly than Vand A.
The optimal behavior of v near the junctions in Figs. 1 will,
indeed, involve relatively rapid changes in v, at least if the
airplane has high L/D capability.

1I. Analysis of Transitions to and from
a Singular Arc
The equations of motion are

h=Vsiny (1a)
V= (T-D)/m—gsiny (1b)
Vy=L/m-gcosy (lc)

Drag D will be assumed to obey the parabolic formula

D V,LY=D,(hV)+ [e?L2/Dy(h, V)] 2)
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where
1

€=~
2(L/D)

max

¢ being in general dependent on Mach number. Variation in
mass m still will be neglected, but thrust 7 can vary with 2 and
V.

An appropriate Hamiltonian is

T—D,— (e2L?/D,)
m

=14\, Vsin'y+)\y( —gsiny)

+)\7(L 0 )
—+ { — —gcos
o, 8cosy 3)

and the optimal control (the lift) is given by maximizing 3C as
L=N\,Dy/2¢? VN, )

The adjoint rates are

. Ay @ e’L?
N, =— — (D —-T+ ) 5
" m an \7° D, )
. . A, L
)\V=-—)\,,smy+l—/3 (gcosy—;)
A, 0 ( 52L2)
+—= —\Dy~-T 5b
moay\ ot D, (50)
N, ==X\, (g/ V) siny — Scosy (5¢)
where
S=VN,—ghy (6)

13

which is the switch-function for the ‘‘control’”’ siny in the
case, ¢ =0, when induced drag is neglected, in which case A,
=0.

Now S can be expressed in the form

; gNy S PN L

=—2Y F(p, —_(T-D, ———7( ———)

S ey (h V)+mV( o) 772 gecosy .

+ (terms with €?) @)
where

F(h,V)E(1+V—-—Yg- —)(Do—n ®),
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Fig. 1 Cornered path in V' — h plane.

The singular arc in Figs. 1, on which Isiny| <1 so that $=0,
is thus given by Ii(h, V) =0.
Furthermore, S is expressible as

A [ d .
= _% [aF(h, V)] +(terms with F,S,S,\ ,e?)  (9)

and

d _ T-D,
[d—tF(h,V)] = —sivy (gF, — VF,) +

F 10
o . fvo (0

The vanishing of F on the singular arc thus implies that

d . .
[d~tF(h,V)] 0=(sm7s—sm'y)(gFV—VF,,) an

=
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where v is the flight-path-angle along the singular arc. The
vanishing of the Hamiltonian JC, together with the vanishing
of § along the singular arc, shows that A\, =m/(T—-D,) on
the singular arc (for ¢ =0), and the dominant terms in S, S, for
e#0, are thus

S= —gF/V(T—D,) (12a)
S=k, (siny — sinyg) (12b)

where
ky =k, (h,V) = V(T%Do) (eFy— VF,) (13)

But, assuming that |L| > mg for the main part of a tran-
sition to or from the singular arc,

y=L/mV=NDy/2¢mV?\,

i.e.,
y=ky\, /€2 (14)
where
ky=k,(h,V)y=Dy(T—D,)/2m?v? 15)
so that
¥=— (k,/€?) Scosy + (terms with ¥) (16)

We now introduce the rescaled variables

7= (V) (K k) % (17a)
o=(S/€) (k,/k;) " (17b)
and obtain
d?y "
4 = —gcosy+0(e”) (18a)
dZ
. 7 =siny —sinys +0(e”) (18b)
"

Near y =+, the transition equations (18) reduce to

d? (y—
L) o (g y)c0s?ys (19)
dr?

and near y= +7/2, where | 7| becomes large,
o~ +(72/2) (1 Fsinyg)

so that

% Fy~Ae exp[ (12/2V2) VT Fsinys ]

+Be exp[ — (72 /2V2) VT Fsinys) (20

which can only approach zero for large |71 if A =0.

The required solution of Eqs. (18), e.g., for the transition
from the singular arc to the final arc y=#/2 in Fig. 1a, is that
solution for which y—vg as 7— — o and y—=#/2 as 7— + co.
This is obtainable by adjusting the phase of a backward-
decaying solution of Eq. (19) so that, after forward numerical
integration of Egs. (18), y does— /2 as 7— oo (see Fig. 2).

Since Eq. (18) are invariant under a time reversal, the
transition pattern is the same (except for the scaling values
k,k,) at all junctions with the singular arc, whether arriving
or departing. Since the resulting dy/dr is of order 1, the
optimal lift, proportional of course to 4, is of the order ¢ =¥,
rather than ¢ ~/ as would be the case for max.L/D.
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Fig.2 v-history during transition from singuiar arc.

A similar analysis applies to the transition in Fig. l¢ from
h=0 to the singular arc: the appropriate solution of Eq. (1)
must have dy/dr=0 at y=0, and is found by adjusting the
phase of a forward damped solution of Eq. (3) so that, after
backward numerical integration of Eq. (1), dy/dr does vanish
simultaneously with v.

It is interesting to compare the damped oscillation about
the singular arc with the optimal pattern described by Dixon*
for a different model in which induced drag was ignored, but
bounds on {LI|, and hence on |41, were introduced. The
singular arc of Fig. 1 now was of second order, since ¥
became the control, and junction with the singular arc had to
be accomplished by switching back and forth, with ever in-
creasing frequency, between maximum positive and negative
lift.

II1. The Time-Loss

Now we will evaluate the time-loss, as compared with the
ideal cornered trajectories of Fig. | when ¢=0, during a
transition described by Egs. (18). Since, from Egs. (1) and (2),

,_mS VdV+gdh
B V(T-D,—e’L2/D,)

(21

the dominant time-loss is the sum of two parts; 1) the direct
increase in time on the transition path due to the induced drag
€2L?/D,, and 2) the time-loss when € =0, caused by following
the transition path instead of the cornered path. The first part
is

€2 klag3l2 oo dy \2
AI=——-§L2dt=——-—l g (-—) d
YT (T-D,)D, i Vow\ar )97 @D

The second part may be evaluated by Green’s Theorem:

s -

transition cornered
pal}l palﬁ

=mS ( {éa—l/[l—/(Ti*Do)]_ % (T—ID(,)}dth

_ g
._mg S ———————-V2(T_D0)2F(h,V)dth 23)

§ ) Vdv+gdh
V/T—D,)

Figure 3 shows the appropriate area in the case of tran-
sitions from the singular arc to a vertical climb y= + 7/2. The
shaded areas each contribute positively to A,¢, since the line
integrals are taken clockwise or counterclockwise, according
to F<0or F>0 (area toright or to left of the singular arc).

The element of area d Vd/ may be replaced by

dA4,dB,/J(A,,B,/V,h)

where 4, = —F, and

B,=§' (1—siny)dt

J. AIRCRAFT
Table ! Transitiontoy=x/2

Yo 1t dy
yg(rad) /32K 1k ) (A 1+ 4A,1) max| o
.
- .22 1.09 0.63
00 0.83 0.53
0.2 0.61 0.46
0.4 0.37 0.42
0.6 0.28 0.27
0.8 0.20 0.15

4 Junction of —yg with y=7/2 is identical to junction of +vyg with y=
—-x/2.

A, and B, are easily expressed linearly in terms of V and #;
the Jacobean is found to be

A;B m(gFV—VFh) .
J( / I)= /-
V.h V(T=D,) M)
Hence,
= 2
Ayt= £ S ﬂdB,
V(T=D,) (8F, = VF,) 4 - 2
= ! r §2(1—siny)dt
=2k, (I =sinyg) J-w > U78I0M)
Therefore :
A t_k,'/‘e”z Sm 1—siny (da )-’d 24
2T Tk ) e T=sinyg Ndr /7 (24)

For junctions with arcs y= —#/2, a similar analysis leads
to the same expression for A,f, while the factor (I1-—
siny) / (1 —sinyg) in the integrand for A, must replaced by
(1 +siny) /(1 +sinyg). For the junction with the state-
constraint #=0 of Fig. lc, this factor is replaced by siny/sin
¥s-

In every case the two time-losses A, 7 and A, are in the ratio
3.1, since rescaling of the independent variable of Eqgs. (8) by
a factor R leads to A;1=A,l/R,A,t=R? A,t. Since

- A,;t+A,t must be minimzed at R=1, the 3:1 ratio is

established. This ratio has been verified numerically for a
variety of values of v, along with the iterative computation
of the appropriate solution of Eqgs. (8). Table 1 shows a
dimensionless time-loss as well as the maximum |dy/dr!| fora
few values of ~g.

IV. Other Transitions
Consider now the transition between the vertical dive y=
— /2 with the state-constraint A=0 of Fig. lc. Along the
constraint, A, is augmented by a negative quantity u(#) such
that h remains zero. In the limiting case =0, this requires
that siny =0 maximize 3C (with )\7:0), and hence that §
remain zero along the constraint, and A, =1/V. However, S
assumes the positive value —gF/V(T—-D,) immediately
prior to arrival at the constraint. For ¢>0 it will turn out that
S is a positive quantity of order €” on arrival at the con-

straint. In fact, 4 again is given essentially by

y= — (k,/e?) Scosy
and now
S=k,=¢g|F1/[V(T-D,)] (25)
Introducing the rescaled variables
T=—[(kk;) " /e” 1t (26a)

o=kiS/(k;e) » (26b)
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a) Leaving singular arc

¢) Final leveling off toy =0

Fig.3 Smoothed-out corners in V' — A plane.

the rescaled time now being measured backwards from the
constraint, we obtain

d?y

a2 = - 0COSYy (27a)
do 275
dr (275

with y=dy/dr=0 at 7=0 (since the optimal lift L has to be
continuous at 7=0), and y= — /2 as r—oo. Near y= —n/2,
7is large, and

d2(w/2+y) _ (1 + )
a2 A2 Y

The boundary condition y— — /2 as 7—oo thus uniquely
determines o(0); it has been found numerically to be 1.202702.
The time-loss again is made up of two parts:

fz k1/364/3 oo d’y 2
At=———§L2dt= ; 5 <~)
"= Do (T-Dy) 2 Jo\a )97 @
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and
PR L S Sdth
2T VA(T-D,)?

and the element of area d VdA may be replaced by dédh, where

T-D, ¢ ) . T-D, ,
+ V=0 (14
mv v m S0

é=V+(
Hence,

_k}“e”j © ) v . , ,
Azt~~7;3/’— 50 [1+sm'y(r)](50 [ =siny(7") }dr )dr (29)

In this case,
A t=2A,1=0.404(k} 1k} )e??

the 2:1 ratio being a consequence of the fact that rescaling of
the independent variable of Egs. (27) changes A, into R?A,¢.

Consider finally the case in which initial and/or final v is
prescribed, e.g., to be zero. A transition to y,=0 is governed
by

y=—(ky/2€¢?)cosy (30)

where
k,=SD,/mV?\, 3D

where S is now positive, so that A, is no longer equal to

m/(T—D,). A\, and \,, and hence S, are determined, using e

=0, from their rates, together with their values at junction

with the singular arc (or with the state-constraint).
Introducing

7= (Vk,/€)t (32)
we obtain
d2
d—TZ— = — lhcosy (33)
and hence
d I
& Vi=siny (34)
dr
and
tan(w/8)

T, —7=V2ln an(a/8—74) (35)
The time-loss is |
Ar=[Ny (Ve=Vp) + N (he—hp) <o
D being the final position, and C the position that would have
been reached at the final time if v had been maintained at /2.

Note that the path leaves the singular arc earlier because of
the end-constraint y,=0. Thus,

Iy S
At= "5 (Ec=Ep) +; (he=hp) 36)
E., E, denoting the values of the energy state at C and D. But

272 V3
¢ th=6\/F4m
Dym D,

/2
E-—~Ep= S So VI-sinydy  (37)
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and
EV /2
hC—hD=S V(I —siny)dt= S VI-sinydy (38)
vk, Jo
Thus
e /mV3N\ k,
At= — (——— +S)2 V2—1
VK, D, ( )
i.e.,
At=(eS/Vk,)4(V2=1) 39)

A similar analysis would apply to a transition from a
prescribed v, =0 to a vertical dive y= —x/2; here S<0, 7=
(Vk,/€)t, with k, = 1SIDy/mV?2)\,, leading to

tan(x/8)
tan(w/8++v/4)

and
At=(elSI/Vk,)4(V2=1)

V. Range of Validity of the Analysis

The most gradual transitions have been shown to be those
to or from the singular arc, the unit of transition time (7=1)
being here of order ¢ * rather than ¢ ** or e. The corresponding
time-loss is of order ¢ rather than ¢*? or €. Note that, if, as
is customary, induced drag with L =mg is included along the
singular arc in D, (A, V), the resulting time-correction is only
of order ¢2. From the point of view of this analysis, this in-
clusion is thus optimal. To be sure, the entire analysis is more
meaningful for an airplane with very high L/D than for a
typical supersonic jet airplane, especially since turn-rates at
high altitudes become severely limited.

In order to check the validity of the underlying assumption
that v changes more rapidly than 4 and V, we may compute
the time

t]=\/€—/(k1k2)l/‘ (40)

corresponding to 7=1 in transitions to or from the singular
arc, for the special case

T=const
41)
D=KVZ2e-hH
Here
F=KV?(3+V2/gH)e"H - T 42)

and, for the singular arc,

e"H = (KgH/T)v?(3+v?)

J. AIRCRAFT

and

T (2+v?) (3+20?)
W (3+v2)(3+(7/2)v? +(372)v%)

sinyg = 43)

where
v=V/NgH 44)

If we take H to be 8.5 km, Vgh is approximately 290 m/sec,
close to the speed of sound.
The transition time-unit is

; \/_( w )'/z H wW34v? (a5)
=Ve{ — e
! T g 3+ (922 + Wv*) %
But
2 2
& _(Ty g _reis )
dr w H (1+v?)(6+v?)
and
dh _ & (1+ & ) 7
H " v 342

The change in A/H and the relative change in V during
transition, i.e., during a time ¢,, is small, provided that

T\ % 22 (3+202) (24 v2)
\/E—(W> N3+ +v2) (6492)Y 3+ (9/2)v2 + Vap*) % <!
' (48)

As expected, this condition is met at low subsonic speeds,
e.g., v=0.5, especially for a low-powered airplane with high
L/D, but the analysis becomes questionable for high-powered
aircraft at supersonic speeds.
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